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Abstract. Categorical time series, covering comparable time spans, are
often quite different in a number of aspects: the number of distinct states,
the number of transitions and the distribution of durations over states.
Each of these aspects contributes to an aggregate property of such series
that we call “complexity”. Amongst sociologists and demographers, com-
plexity is believed to systematically differ between groups as a result of
social structure or social change. Such groups differ in e.g. age, gender or
status. We propose quantifications of complexity, based upon the number
of distinct subsequences in combination with, in case of associated dura-
tions, the variance of these durations. A simple algorithm to compute these
coefficients is provided and some of the statistical properties of the coef-
ficients are investigated in an application to family formation histories of
young American females.
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1. Introduction

Many demographers and sociologists study categorical time series that con-
sist of sequences of encoded events, the events themselves belonging to one or
more different life domains like work, education or family formation. Often,
such categorical time series come with associated vectors of durations, i.e. the
times spent in the states.
Some life courses are quite varied or complex: the individuals experience many
transitions and many distinct states. Others, within the same time span, stay
in one state only for the full observation time and therefore, such life histories
are said to be ‘simple’ or ‘stable’. Apparently, life courses or, more general,
categorical time series, seem to possess a property that can be used to order
them in a meaningful way: as more or less varied, complex or turbulent. How-
ever, the name “turbulence” may not be so well chosen because it also refers
to irregularity in the flow of gases and liquids. This irregularity is unbounded
and reflects randomness whereas the property that we intend to operational-
ize does not refer to randomness. Similarly, “variance” and “variation” are
less suitable because they are strongly associated to numerical variables. We
chose the word “complexity” since, as will appear, our quantification is a spe-
cial case of what is called “d-complexity” in the combinatorics of strings (e.g.
Iványi 1987; Kása 1998). For the moment is suffices to say that, in the present
context, complexity increases with the number of distinct states and with the
number of distinct orderings of states. So, if we encode living single as S,
living married as M and living married with children as MC, the three family
formation histories S M , S M MC and S M S M MC increase in complexity
while they might still cover the same time span.
To social scientists, complexity is an interesting property since demographi-
cal, sociological and psychological theories (e.g. Lesthaeghe 1995; Buchmann
1989; Shanahan 2000; Arnett 2000) predict complexity of modern life courses
to increase over time, i.e. on the average, life courses of younger cohorts should
exhibit more complexity than life courses of older cohorts. Similarly, sociologi-
cal theory predicts that the average complexity of partnership histories should
vary cross-nationally, i.e. average complexity depends on welfare and legisla-
tive systems of the countries involved (Mills, 2004). On the other hand, life
courses of much older cohorts seem to demonstrate a tendency towards less
complexity and more standardization (e.g. Uhlenberg 1969, 1974).
The purpose of this paper is to define and quantify this property of complexity
in a useful way. In particular, we will propose to use a measure already used
by Elzinga and Liefbroer (2007) to test hypothesis on de-standardization of
family life trajectories. We will present an efficient algorithm for its calcula-
tion and discuss some of its properties.
“Complexity” as we use it here does not necessarily coincide with the com-
plexity as perceived by the one who generated the series of events nor is it
intended to reflect the complexity as it might be perceived by members of any
social class or group. Complexity as it is used here refers to a concept that is
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comparable to the concept of the variance of a set of numerical observations.
So, the advocated index should be sensibly applicable to categorical time time
series from any substantive field.
In order to show how the proposed index fits into a more general context, we
use the next section to concisely discuss two quite different notions of com-
plexity of strings. In the third section, we discuss the index chosen and an
efficient algorithm for its calculation. In the fourth section, we extend the
measure to handle durations and in the fifth section, we demonstrate some of
its properties through an application to family life trajectories of 3 cohorts of
USA females.

2. Notions of Complexity

Categorical time series are, ignoring durations, just strings of characters from
some alphabet A that is determined by the application: for example, in case of
labor market careers, the characters are symbols or acronyms for the relevant
states like employment, unemployment, etc. Therefore, we first discuss two
quite different notions of complexity that directly apply to strings.
The first of these notions derives from what is called algorithmic information
theory (e.g. Cover and Thomas 1991), a branch of computer science that deals
with structure and randomness in the strings that constitute the input, the
programs and the output of computing. The second approach is combinato-
rial and originates from problems of string comparison. String comparison is
important in microbiology where very long molecules like DNA are compared
but string comparison is also relevant in physics, in coding and encryption, in
machine learning and in the social sciences where career-like data such as life
courses or mobility patterns are analyzed through “sequence analysis” (e.g.
Abbott 1995; Elzinga 2005).
We start our discussion by considering two strings on a small alphabet A =
{a, b}:

x = ababababababababababab and y = abbabaaabbabbbababaaba.

Obviously, the string x is very easy to describe: it consists of 11 concatenations
of the substring ab. On the other hand, there seems to be no such simple rule
with which y could be described. We conclude that describing x is very easy
but that the most efficient description of y seems to be (a copy of) y itself.
Observations like these inspired the famous Russian mathematician Andrej
Kolmogorov to define (Kolmogorov 1965) complexity of an object in terms of
the length (i.e. the number of characters) of computer programs that describe
(i.e. print) the object. The descriptive complexity KC(x) of a string x with
respect to computer C equals the length L(p) of a shortest program p that,
when running on C prints x:

KC(x) = minp:C(p)=x{L(p)}.

Although Kolmogorov complexity is fundamental to many branches of math-
ematics, it is not a computable function since we do not know how to decide
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whether or not a program is a or is not a shortest program. However, Kol-
mogorov complexity is bounded from above by the Shannon (Shannon 1948)
entropy H(x) of the sequence. To define this entropy, we need some notation:
we write x = x1 . . . xk for a sequence that consists of k characters. Further-
more, we write A = {a1, . . . , as} for the alphabet of size s. For example, to
describe labor market careers, we might use the alphabet A = {e, u, v, n} to
denote the states “employed”, “unemployed”, “vocational training” and “not
available”. This alphabet has size 4 and all possible careers are described by
concatenation of characters from A. So, x = ueveuen refers to a career. Let
px(ai) denote the probability that, when “reading” x, we encounter the char-
acter ai, i.e. px(ai) = Prob(xj = ai). For the example x = ueveuen, we thus
have px(e) = 3/7 and px(n) = 1/7. Now we are in a position to define the
entropy H(x) as

H(x) = −
∑

ai∈A

px(ai) log2 px(ai).

For our example career, we now compute H(x) = −(3
7
log2

3
7
+ . . .+ 1

7
log2

1
7
) =

1.84. Suppose that we have a career that consists of just one state, say y = e.
Then the entropy of this sequence equals zero since now py(e) = 1 and all other
probabilities equal zero: H(y) = −(1 log2 1+0 log2 0+. . .) = 0 (indeed, we need
0 log 0 = 0). On the other hand, for the career z = uven we calculate H(z) = 2.
So, if there is no uncertainty about the state, like in y = e, entropy equals 0
and when uncertainty is maximal because all states are equally likely, we find
that entropy is maximal. Apparently, H quantifies a kind of uncertainty or
variation in the sequences and is maximal when the probability distribution
over the alphabet is flat; this maximum equals log2 s for an alphabet of size s.
Now consider the careers x = ven and y = venvenven. Clearly, H(x) =
H(y) since we have px(ai) = 1

3
= py(ai). This demonstrates that Shannon

entropy only quantifies the degree of randomness (lack of structure) and is
fully insensitive to transition frequency or the order of the events. This is not
what we want: in y, much more is going on than in x.
There is an abundance of measures of complexity, variation or diversity in
categorical data, some well known like the indices of Gini (1921) and Theil
(1972), others not so well known (e.g. Wilcox 1967; Gibbs and Poston Jr.
1975). All these indices have in common that they resemble Shannon entropy
and that only the prevalence of states is considered. An elegant and easy to
interpret example of these alternatives is Simpson’s index of diversity (Simpson
1949):

D(x) =
d
∑

i=1

p2
x(ai)

or, in the form through which Blau (1977) introduced it into sociology,

D′(x) = 1 − D(x).

D′ equals the probability that, when two characters of x are picked, the
characters will be different. For the example sequences x and y we obtain
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D′(x) = D′(y) again. So, we conclude that “entropies” do not adequately
quantify our intuitions about complexity of sequences.

A quite different approach to the issue of complexity derives from string com-
parison. The central problem in string comparison is to establish the similarity
between strings: strings are more or less similar when they have more or less
parts in common. So, the more parts and the bigger the parts in either string,
the more effort it will take to establish similarity. In this context it is only
natural to consider strings as more complex if they have more and longer parts.
A quantification of complexity then only requires a clear definition of what are
distinct parts and a feasible algorithm to count these parts. However, if the
definition of the parts would not be relevant to social scientists, the quantifica-
tion itself would not be relevant. Therefore, we next discuss a few definitions
of parts of sequences and their possible relevance to social scientists. To do
so, we first need to introduce some concepts.
Above, we already encountered the concept of “substring”. We say that any
contiguous part of a string is a substring, special cases being the empty sub-
string λ and the original string itself. With abacbc = x, aba, acb, bc and a are
substrings of x and they are not the only ones; on the other hand, abc is not
a substring of x since its characters are not contiguous in x.
We could say that the all the distinct substrings constitute the parts of a
string and we could count the number of distinct substrings to quantify the
complexity of a string. The reader easily verifies that x = ababab has 12 dis-
tinct substrings and that y = abcdef has 22 distinct substrings. So, y would
be more complex than x. In the context of computer science, this “substring-
complexity” has been amply studied by e.g. de Luca (1999), Ferenczi and
Kása (1999), Levé and Séébold (2001) and Janson et al. (2004).
However, in the social sciences, we are often interested in precedences of events
without the restriction that they are contiguous in time. For example, it is
relevant to know whether finishing education preceded entering parenthood or
the other way around but it is mostly not so relevant whether or not these
events were contiguous in time or not. Similarly, it is relevant to see that
employment followed vocational training, irrespective of what was in between.
So, in defining complexity of strings, we should not confine ourselves to parts
of strings that are contiguous in the original string.
This relaxation of contiguity is provided for by a concept introduced by Iványi
(1987): the d-substring (see also Kása 1998). A d-substring consists of char-
acters that are separated by at most d positions in the original string and
d > 0. For d = 1, we are back at the ordinary substring but with d > 1,
some d-substrings are different from the ordinary substrings. For example, the
2-substrings of x = abc are {λ, a, b, c, ab, ac, bc, abc} and ac is not an ordinary
substring of x while a and c are not adjacent. However, it is hard to under-
stand why we should impose any constraint on the size of the separation d,
since this separation also depends on the size of the alphabet. If the alphabet
consists of very many distinct states or characters, i.e. when our observations
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are very detailed, it is quite likely that any two particular events will be sep-
arated by other events.
If d is not limited at all, we allow for parts of strings in which the characters
are separated by an arbitrary number of positions in the original string: the
only confinement is that the characters, the events, have the same (temporal)
order as in the original string. Such parts of strings are called “subsequences”,
again with λ and the string itself as special cases. Substrings and d-substrings
are special cases of this more general class of subsequences. For example, with
x = euenue, un and uue are subsequences of x. Easily but tediously, the
reader could verify that x has only 18 distinct substrings whereas it contains
as many as 48 distinct subsequences.
Generally, u is a subsequence of x, precisely when all the characters of u also
appear in x and in the same order and we denote this fact by writing u � x.
Let us denote the number of distinct subsequences of a string x as φ(x). The
reader notes that φ(x) ≥ 1 since we we always have that λ � x.
We compare H(x) and φ(x) by looking at some extreme strings. First, we
look at the string x = aaaa. Since px(a) = 1, we have that H(x) = 0, i.e. the
minimum value of H(·). It is not difficult to establish that φ(x) = 5 and one
realizes that a string of length 4 could not have less than 5 subsequences (in-
cluding the empty λ). So for this very “uneventful” string, we have that both
H(x) and φ(x) yield minimal values. On the other hand, consider y = abcd.
We calculate that H(y) = 2 and we find that φ(x) = 16. Again, we realize that
neither H nor φ could have been bigger since the probability distribution over
the alphabet A = {a, b, c, d} is flat and since reducing the number of distinct
characters in x would certainly reduce φ(x). So it seems that, for extreme
strings, H and φ produce extreme values. Next we compare x = abac and
y = abca to find out that

0 < H(x) = H(y) = 1.5 < 2,

5 < φ(x) = 14 < φ(y) = 15 < 24.

So, interestingly, the combinatorial subsequence-complexity function φ dis-
criminates x and y whereas entropy H does not and indeed, in most substan-
tive areas, one would consider x as being less varied or complex than the string
y.
Finally, let us concisely consider strings with lengths that exceed the size
of the alphabet and therefore have repeated characters. The reader notes
that repeating events is a quite common phenomenon: unemployment and re-
employment, entering or breaking up partnership, picking up education again
after a spell of working or moving to a new residence are re-occurring events
in many lives. We know (e.g. Chase 1976, Flaxman et al. 2004) that, given
an alphabet A = {a1, . . . , as}, the n-long string w that maximizes φ has the
cyclic structure

w = a1 · · ·asa1 · · ·as · · · · · ·a1 · · ·amod(n,s),
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i.e. a repeated catenation of the same, fixed permutation of the alphabet.
Surprisingly, and despite the description of this string being very short and
simple, its entropy is maximal too since the probability distribution over the
alphabet is (almost) flat. So again, in these extreme cases, H and φ yield
comparable results although their rationale is quite different: “predictability”
vs. “length of parts-list”.
We conclude that both entropy-based and subsequence-based complexity yield
comparable results on extreme strings. However, for non-extreme strings,
subsequence-based complexity yields quantifications that respect order-differences
and are therefore more suitable to characterize social science categorical time
series. Hence, it is interesting to describe an efficient algorithm that counts
distinct subsequences and that is fundamental to the method already proposed
by Elzinga and Liefbroer (2007).

3. Complexity by Counting Distinct Subsequences

The discussion in this section is quite informal; in Appendix A to this paper, we
take a less intuitive approach. However, for a rigorous proof of the correctness
of the algorithm, the interested reader is referred to Elzinga et al. (2008).
First let us wonder about the boundaries of φ(x) and try to express these in
terms of the length of the string x. To discuss these boundaries, we need the
concept of a prefix and some notation. Let x be an n-long string; then the
ith prefix xi of x consists of the first i contiguous characters of x. So, with
x = x1 . . . xn, xi = x1 . . . xi. For example, with x = abac, x3 = aba and x4 = x.
In particular, we always have x0 = λ and xn = x.
Now we can discuss the number of distinct subsequences of an n-long string x
that has exactly n distinct characters, i.e. no character in x repeats. Thereto,
we consider some prefix xi with its number of distinct subsequences φ(xi). We
elongate xi to xixi+1 = xi+1 and wonder about φ(xi+1). Of course, we retain
all the φ(xi) subsequences of xi. Let u be one of these, i.e. u � xi. Then
the elongation xixi+1 generates uxi+1 � xi+1 and, because x has no repeating
characters, uxi+1 must be new. This reasoning pertains to all the u � xi so
we must have that φ(xi+1) = 2φ(xi) and therefore, using φ(x0) = φ(λ) = 1,
φ(xn) = 2n, provided x has no repeating characters. For example, φ(x2 =
ab) = 4 = |{λ, a, b, ab}| and the new sequences that arise by elongating with
c � ab are {λc = c, ac, bc, abc} so φ(x3 = abc) = 2φ(x2) = 8.
On the other hand, consider an n-long string that consists of n repetitions
of one and the same character. Then its distinct subsequences can only be
discriminated by their lengths that vary between 0 and n. So, we must have
that φ(x) = n + 1 and hence we suspect that

n + 1 ≤ φ(xn) ≤ 2n

for all nonnegative n.
In practice, social science categorical time series consist of 1 to several tens
of events, so φ(x) itself is not a very practical scale because of the very large
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numbers it would often imply. Therefore, we propose to use the complexity
measure C(x) defined as

0 ≤ C(xn) = log2 φ(xn) ≤ n

to the effect that C(x) = C(y) + 1 if φ(x) = 2φ(y) and C(λ) = 0. In a
geometrical sense, C(x) is the log2 of the squared length of a binary-valued
vector representing x in a high-dimensional Euclidean space. This directly
connects the so defined measure of complexity to the data-analytical tradition
of sequence comparison (e.g. Sankoff and Kruskal, 1983; Abbott and Tsay,
2000; Elzinga, 2005; Wang and Lin, 2007). In Appendix A, we will make some
further comments on this.
Now the only remaining problems are, first, to numerically evaluate C(x) and,
second, to demonstrate it’s usefulness. We will deal with the first problem
here and postpone the latter problem to the fourth section.
The key to a feasible algorithm to compute φ(x) is in the reasoning that lead
to finding φ(x) for a string without repeats: we found that if a prefix xn−1 is
elongated with a character that is new, i.e. does not already appear in xn−1,
then than number of distinct subsequences will double as a result from the
elongation:

φ(xn) = 2φ(xn−1) if xn � xn−1 .

So, we should find a rule that tells us what to do if xn is not new, i.e. when
xn � xn−1. This must be different from doubling for if we double when xn is
not new, we count to much since some of the subsequences that end on the
character xn already exist. As an example, we discuss calculating φ(x = abcbc).
Clearly, φ(x3) = 23 since in x3, no characters repeat. But when we elongate x3

to x3x4 = x4, we do not obtain 8 new subsequences: the subsequences of x3 are
{λ, a, b, ab, c, ac, bc, abc} and doubling would mean that we pretend that λb = b
and ab are new, which is obviously false. So if we double, we should immedi-
ately subtract the number of subsequences that were already found just before
introducing b = x2. So, we calculate that φ(x4) = 2φ(x3)−φ(x1) = 16−2 = 14.
Next we elongate x4 to x4x5 = x5. Again, we have the problem of counting
too much when doubling φ(x4) so we compensate by subtracting the new sub-
sequences that arose when we encountered c before. Hence, our calculation
amounts to φ(x5) = 2φ(x4) − φ(x2) = 28 − 4 = 24.
Now we see that, in general, when xn is not new to xn−1, we double and com-
pensate by subtracting the new subsequences that arose from elongating with
the same character the last time that we encountered it. Let ℓ = ℓ(xn−1, xn)
denote the position in which xn was last encountered in xn−1. With this no-
tation, we thus write

φ(xn) = 2φ(xn−1) − φ(xℓ−1) if xn � xn−1 .

We use ℓ− 1 since φ(xℓ−1) equals the number of new subsequences that arose
as a result of elongating with xℓ = xn. So, now we have two rules, one valid
when xn � xn−1, and one valid when xn � xn−1 and since these two cases are
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Table 1. Results of applying Equation 2 to x = abacbbca = x8.
Initialize φ(x0 = λ) = 1 and ℓ(xi) = 0 for all characters. Update
ℓ after the application of Equation 2 to the current prefix to
ℓ(xi) = i before proceeding to the last character of the next
prefix.

i 0 1 2 3 4 5 6 7 8

xi λ a b a c b b c a
ℓ(xi) 0 0 0 1 0 2 5 4 3
φ(xi) 1 2 4 7 14 26 38 69 134

mutually exclusive and exhaustive, we are done: our algorithm is

φ(xn) =







2φ(xn−1) if xn � xn−1,

2φ(xn−1) − φ(xℓ−1) if xn � xn−1
(1)

for n > 0 and we initialize by setting φ(x0 = λ) = 1. The only complication
is that we have to keep track of the last position of the xi in xn−1. But this
can be done “on the fly” by initially setting ℓ(ai) = 0 for all characters of the
alphabet A = {a1, . . . as} and updating to ℓ(ai) = k when we encounter ai in
the guise of xk = ai before proceeding to the next prefix. We illustrate the full
procedure again in Table 1 for the string x = ababcbbca.
The reader notes that, for an n-long string, the algorithm requires exactly n
steps to count at most 2n objects. A more extensive discussion of the algorithm
is in Appendix A, a rigorous proof of its correctness and related results can be
found in Elzinga et al. (2008).

4. Complexity and Durations

In practice, social science categorical time series often come as pairs (x, tx)
wherein x denotes the string of spells and tx = (t1, . . . , tn) denotes a vector of
durations of the spells, i.e. the times spent in the consecutive states. We say
that t(x) =

∑

i ti equals the total duration of the whole series. In this section,
the issue is how these durations can be incorporated in a quantification of
variability or complexity. Unfortunately, now there are no general concepts
like descriptive or combinatorial complexity to guide our thinking.
We will argue that the complexity of the pair (x, tx) decreases when the vari-
ance of the durations increases. To justify this basic principle, we consider
3, quite different labor market careers, each covering a duration of 72 months
(e.g. McVicar and Anyadike-Danes 2002):

x = (ue, (71, 1)), y = (ue, (36, 36)), z = (ue, (1, 71)).

Clearly, x is not much different from the simple (u, (72)) and z is very similar
to the simple (e, (72)). On the other hand, y is, given total duration and the
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number of spells, maximally dissimilar from both (u, (72)) and from (e, (72))
and the variance of its durations is, again given total duration and number
of spells, minimal. Therefore, we adhere to the principle that, for fixed to-
tal duration and a fixed number of spells, the less variance of the durations
of the subsequences, the more complex the time series is. However, we will
deal with the variance of the durations of all 2n subsequences, irrespective of
whether these are distinct or not since the same subsequence may occur in
several positions on the string and, because of these different positions, have
several durations. For example, in (abab, (1, 2, 3, 4)), the subsequence ab oc-
curs as x1x2, as x1x4 and as x3x4 with respective durations of 3, 5 and 7 units
of time.
We will denote this variance of all subsequence durations as V (tx) and dis-
cuss how to use it in a measure of complexity C(x, tx) of the pairs (x, tx).
First, we demand that C(x, tx) does not depend on the time scale employed
in constructing the series. Second, V (tx) has a lower and an upper bound and
we do not want C(x, tx) to depend on these bounds either. The lower bound
Vmin(tx) will be attained when all durations of spells are equal and the upper
bound Vmax(tx) will be attained when all but one of the spells have a duration
of 1 and one spell has a duration of t(x) − (n − 1) units of time. A solution
for C(x, tx) that respects these restrictions is

C(x, tx) = log2(φ(x) · T (x, tx)) (2)

with

1 ≤ T (x, tx) =
Vmax(tx) − Vmin(tx) + 1

V (tx) − Vmin(tx) + 1
. (3)

The interpretation of T is that of “relative variance inverted” since the dif-
ference of V from its lower bound Vmin is divided by the maximum difference
Vmax − Vmin and this ratio has been inverted. The “+1” in the denomina-
tor prevents T to become 0 when Vmax = Vmin, i.e. when there is just 1
spell and the “+1” in the denominator prevents us from dividing by zero in
case V (tx) = Vmin(tx), i.e. when all spells have equal durations. So defined,
C(x, tx) satisfies, but not uniquely, all the demands that we put up and it is
fully defined in terms of subsequence properties.

5. Complexity of family formation

The data that we use here, come from the Family and Fertility Surveys (these
data and their quality were amply described by Festy and Prioux (2002)) and
pertain to 6066 American females, born between 1950 and 1964 and assigned
to one of three cohorts: those born in 1950-1954 (N = 1770), in 1955-1959
(N = 2148) and those born in 1960-1964 (N = 2148). For each of these
women, 6 distinct states (see Table 2) were used to describe the women’s
family formation status during 144 months, starting at age 18 and ending at
age 30. For example, one of these women generated the pattern

S/60 U/18 M/7 MC/59,
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Table 2. Family formation status encoding. In total, there are
6 categories: a code is appended with “C” if the woman lived
together with at least one child. For example, “UC” is used for
living together unmarried with at least one child and “M” for
living married without children.

Code Description

S(C) living Single (together with at least one child)
U(C) living together Unmarried (together with at least one child)
M(C) living together Married (together with at least one child))

Table 3. Family formation trajectories (durations ignored)
shared by at least 5% of the females in each cohort. Trajec-
tories shared by less than 5% of the females were taken together
in the category “Various”.

1950-54 1955-59 1960-64

S .086 .087 .083
S M .064 .054 .059
S M MC .284 .242 .195
S U M MC .055 .072
Various .566 .562 .591

i.e. the trajectory of a woman that lived single (S) during 60 months, then
lived together unmarried (U) with a partner for 18 months, then married,
perhaps to the same partner and after another 7 months, gave birth to the
first child. Then, she continued living married with one or more children (MC)
for the remainder of the observation period.
On the average, trajectories have 3.35 spells (sd=1.71) and this number ranges
from 1 to 16. To give the reader a feel for the kinds of trajectories in these
data, we show those trajectories (ignoring durations) that were shared by at
least 5% of the females in each cohort. Trajectories that were shared by less
than 5% were taken together in the category “Various”. The reader notes the
decline of the traditional “S M MC” and the rise of unmarried cohabitation,
exemplified by the trajectory “S U M MC”.

To show the effect of including durations into the complexity measure, we show
a plot of C(x, tx) vs. C(x) for the third (youngest) cohort in Fig.1. From the
plot and the fact that Pearson’s r2 = 0.62, it appears that incorporating in-
formation on duration substantially adds variance to the quantification.
We calculated C(x, tx) and C(x) for all the histories and show the resulting av-
erages per cohort in Table 4. Furthermore, we bootstrapped 5000 replications
from our data and from these, calculated the 90% BCa confidence intervals
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Figure 1. Plot of C(x) (horizontal axis) vs. C(x, tx) (vertical

axis) for the third cohort of US females.

Table 4. Averages of C(x) and C(x, tx). Also shown are the
upper boundary up and lower boundary lo of the 90% BCa con-
fidence intervals of these parameters.

Cohort 1 2 3

lo 3.05 3.18 3.36
C(x) 3.10 3.23 3.42

up 3.16 3.28 3.48

lo 5.16 5.32 5.59
C(x, tx) 5.26 5.41 5.69

up 5.37 5.51 5.78

(e.g. Davison and Hinkley 1997). The upper and lower bounds of these in-
tervals are also shown. As is apparent from the boundaries of the confidence
intervals, the increase of C(x) between consecutive cohorts is significant since
the confidence intervals of the oldest and the youngest cohort do not overlap.
The size of the confidence intervals for C(x, tx) roughly doubles the size of
the confidence intervals for C(x): it includes the extra variability that is in-
troduced by incorporating durations as well. But still, there is a significant
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Figure 2. Smoothed distributions of C(x, tx) from 5000 boot-

strapped samples for each of the 3 cohorts of US females.

increase in complexity C(x, tx) between the first and the last cohort. In Fig-
ure 2, we plotted the smoothed distributions of C(x, tx) as resulting from the
bootstrapping. Apparently, these distributions are clearly separated.
As expected, these averages clearly show complexity to significantly increase
over time.

6. Comments

Evidently, there is no substantive theory from which the coefficients C(x) and
C(x, tx) derive; only plausible reasoning about the properties of categorical
time series that contribute to their being more or less complex were used in
their construction. So, the coefficients proposed are the outcome of an attempt
to operationalize a notion that is quite difficult to capture.
Since we used the number of distinct subsequences φ(x) to construct C(x), it
seemed natural to use the variance of the durations of the embeddings V (tx) to
construct C(x, tx). In fact the choice to use V (tx) is arbitrary and one might
argue in favor of straightforwardly using the variance of the state durations to
construct a conceptually and computationally simpler alternative to C(x, tx).
Thereto, we let s2

t denote the variance of the ti and s2
t,max its upper bound

given t(x). Then conceptually and computationally, a simpler alternative to
T (x, tx) would be

1 ≤ T ′(x, tx) =
s2

t,max + 1

s2
t + 1

. (4)
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Table 5. φ(x) as calculated for the extended form of three
strings and the variances of the state-durations.

φ s2
t

abbbbccc 40 0.22
aabbbccc 48 1.55
abcabcab 177 0

Remarkably, as is proven in Appendix B, we have that T ′(x, tx) = T (x, tx).
This is a valuable result since it shows that we can simply calculate s2

t and
s2

t,max in n steps instead of laboriously computing V (tx) in 2n steps, therewith
retaining the feasibility of computations, even in case of extremely long series.
Our second comment pertains to the way one treats the durations in a cat-
egorical time series. It is not uncommon to write a time series (ab, (3, 2)) as
aaabb and indeed, doing so hides the durations of the two spells by presenting
five observations. So, processing aaabb instead of (ab, (3, 2)) makes life a lot
simpler since calculating C(x) instead of C(ab, (3, 2)) suffices. However, there
are a number of reasons for not doing this.
First, when we are discussing and theorizing about life courses or careers, we
are in fact discussing spells of cohabitation, of being unemployed or imprisoned
and the durations are a property of these spells. By switching to the extended
aaabb, we are no longer analyzing the spells.
The second reason not to switch to the extended form is illustrated in Table 5.
Table 5 illustrates that strings with many adjacent identical characters have
relatively small numbers of distinct subsequences. Furthermore, it illustrates
that relatively big changes in the compositions of such string only have a small
effect on φ(x) whereas such changes cause appreciable differences in the vari-
ance of the spell durations. These properties of φ and s2

t in fact generate what
we see in Figure 3. In this figure we plotted, for the third cohort of US fe-
males, the values of C(x, tx) against C(x′) (vertical axis) where the x′ denote
the sequences in extended form. Apparently, lots of sequences that are well
discriminated by C(x, tx) are poorly, if at all, discriminated by C(x′).
However, the results of applying C(x) and C(x, tx) demonstrate that these

coefficients are stable and sensitive enough to pick up relevant aspects of the
data. So, we can start using them as dependent or independent variables in
modeling categorical time series. Appropriate software is available as a free
package CHESA1 from the author and as TraMineR2, written by Gabadinho
et al. (2008).
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Figure 3. Plot of C(x, tx) (horizontal axis) vs. C(x′) (vertical

axis) where the x′ denote the extended form of the trajectories

of the third cohort of US females.

Appendix A. Counting (common) Subsequences

In this appendix, we present a Theorem on counting common subsequences
of two strings x and y. This is a more general result of which Equation 2
is a special case. For a formal proof of the Theorem, the reader is referred
to Elzinga, Rahmann, and Wang (2008); here we just present an intuitive
justification that is much more instructive than the formal proof.
To begin with, we say that u is a common subsequence of x and y whenever
u � x and u � y and we then write u � (x, y). The next theorem allows for
counting the number φ(x, y) of distinct common subsequences.
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Theorem 1. For all pairs (x, y) ∈ A⋆ ×A⋆ with respective lengths m ≥ 0 and

n ≥ 0, setting ℓx = ℓ(xm−1, xm) and ℓy = ℓ(y, xm),

φ(x, y) =



































φ(xm−1, y) if xm � y,

φ(xm−1, y) +φ(xm−1, yℓy−1) if xm � y and xm � xm−1,

φ(xm−1, y) +φ(xm−1, yℓy−1)

−φ(xℓx−1, yℓy−1) if xm � y and xm � xm−1.
(5)

To see that the Theorem is correct, we first note that the three righthand
statements each describe what will happen to the number of common sub-
sequences when we elongate xm−1 to xm by concatenating the character xm.
The first condition says that no new subsequences will be created by this
elongation when the character xm does not occur in y. The next two state-
ments both presume that xm does occur in y. First, we then presume that
xm is new to xm−1, i.e. does not occur in the prefix xm−1. Then we retain
all the φ(xm−1, y) common subsequences already counted (they cannot con-
tain xm) and create new common subsequences by taking those common to
(xm−1, yℓy−1) and elongating these with the character xm. The final statement
deals with the only remaining case that xm already occurs in xm−1 too. Using
the second statement under this condition would lead to doubly counting the
common subsequences in the pair (xℓx−1, yℓy−1) so we subtract φ(xℓx−1, yℓy−1).
In the special case that x = y, Theorem 1 reduces to Equation 2. For
then, φ(xm−1, y) = φ(xm−1) so one does not need a condition equivalent
to that of the first one of Theorem 1. Furthermore, if x = y, we have
φ(xm−1, yℓy−1) = φ(xm−1) so that the second statement of Theorem 2 reduces
to φ(x) = 2φ(xm−1) if xm � xm−1, and the third statement will reduce to
φ(x) = 2φ(xm−1) − φ(xℓx−1) if xm � xm−1.
Some remarks on a geometrical interpretation of φ(x, y) seem justified. Since
φ(x, y) satisfies 0 ≤ φ(x, y) ≤ min{φ(x, x), φ(y, y)}, the quantity dφ(x, y) =
φ(x) +φ(y)− 2φ(x, y), the number of noncommon subsequences in x and y, is
a metric with a simple geometrical interpretation. To see this, assign a rank
r(u) ∈ N to each u ∈ A⋆, e.g. lexicographically. Now define, for each x ∈ A⋆,
a binary-valued vector x = (x1, x2, · · · ) such that

xr(u) =

{

1 if u � x,
0 if u � x.

(6)

Obviously then, φ(x) = φ(x, x) = x · xT = ‖x‖2, i.e. φ(x) equals the squared
length of x in Euclidean space and λ will be uniquely mapped to 0. Moreover,
φ(x, y) will measure the squared Euclidean distance between the representing
vectors x and y.
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Appendix B. The variance of durations

In this Appendix, we show that the quantities C(x, tx) as defined by (2) and
C(x, tx) as defined by (4) are equivalent by proving a simple statement about
the relation between the variance of the durations of all embeddings V (tx) and
the variance of the state durations s2

t .

Claim 1. For any string x of length n > 0 with associated durations tx =
(t1, · · · , tn) with mean t and variance s2

t

V (tx) =
n

4

(

s2
t + t

2
)

. (7)

Proof. Let |x| denote the length of x and u � x. An embedding i(u) of u
is an ordered set of indices i(u) = i1, . . . , i|u| such that u = xi1 . . . xi|u|

. Let

I(k) = I(x, k) denote the set of all k-long embeddings of subsequences of x and
let Ij(k) = Ij(k, x) denote the set of those embeddings that contain the index j.
Note that each index j occurs at most once in each embedding. Furthermore,
let S(k) = S(k; x, t) denote the sum of all durations of the embeddings of I(k)
and we define S = S(x, t) =

∑

k Sk. Finally, we write t = t(i(u)) =
∑

i∈i(u) ti
for the total duration of an embedding i(u) of subsequence u � x. Then

S =
∑

k

∑

j

∑

i(u)∈Ij(k)

tj (8)

=
∑

k

∑

j

|Ij(k)|tj (9)

=
∑

k

∑

j

(

n − 1

k − 1

)

tj (10)

= 2n−1t (11)

Next, let S2
k =

∑

k S2(k; x, t) denote the sum of all squared durations of the
embeddings of I(k). Then we have that

S2
k =

∑

j

∑

i(u)∈Ij(k)

t2j +
∑

j

∑

i6=j

∑

i(u)∈{Ij(k)∩Ii(k)}

tjti (12)

=
∑

j

|Ij(k)|t2j +
∑

j

∑

i6=j

|Ij(k) ∩ Ii(k)|tjti (13)

=

(

n − 1

k − 1

)

∑

j

t2j +

(

n − 2

k − 2

)

∑

j

tj(t − tj) (14)

=

(

n − 2

k − 1

)

∑

j

t2j + t2
(

n − 2

k − 2

)

(15)

=

(

n − 2

k − 1

)

(

∑

j

(tj − t)2 +
t2

n

)

+ t2
(

n − 2

k − 2

)

(16)
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=

(

n − 2

k − 1

)

ns2
t +

t2

n

(

n − 1

k − 1

)

k (17)

Taking the sum and manipulating, this yields

S2 = 2n−2

(

ns2
t +

n + 1

n
t2
)

. (18)

The results (11) and (18) then finally yield

V (tx) =
S2 − (S)2/2n

2n
=

n

4

(

s2
t + t

2
)

, (19)

which proves the claim. �

From the result (19), it is immediate that V (tx) ≥ nt
2
/4, from which it follows

that
Vmax(tx) − V (tx)

Vmax(tx) − Vmin(tx)
=

s2
t,max − s2

t

s2
t,max

(20)

and thus that T (x, tx) = T ′(x, tx) for all x with |x| > 0. The upper bound
s2

t,max will be attained whenever, for some j ∈ [n], tj = t−n + 1 and ti = 1 for
i 6= j. For ease of implementation, we mention that

s2
t,max =

(n − 1)(n − t)2

n2
. (21)
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Notes

1downloadable from http://home.fsw.vu.nl/ch.elzinga/

2downloadable from http://mephisto.unige.ch/traminer/
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